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The entanglement swapping protocol is analyzed in a relativistic setting, where shortly after the
entanglement swapping is performed, a Bell violation measurement is performed. From an observer
in the laboratory frame, a Bell violation is observed due to entanglement swapping taking place,
but in a moving frame the order of the measurements is reversed, and a Bell violation is observed
even though no entanglement is present. Although the measurement results are identical, the
wavefunctions for the two frames are different— one is entangled and the other is not. Furthermore,
for boosts in a perpendicular direction, in the presence of decoherence, we show that a maximum
Bell violation can occur across non-simultaneous points in time. This is a signature of entanglement
that is spread across both space and time, showing both the non-local and non-simultaneous feature
of entanglement.
Introduction The nature of entanglement has always
been a point of intrigue since the early days of quan-
tum mechanics [1]. In the last few decades, advances
in experimental techniques have been able to test di-
rectly the spooky action at a distance by demonstrat-
ing its effects at increasingly larger distances. Adapting
terrestrial free-space methods [2, 3], entanglement distri-
bution and quantum teleportation to distances over 1000
km have now been performed [4, 5], using space-based
technology. Another fundamental test is to measure the
bounds to the speed of influence due to entanglement
[6, 7]. In such experiments it is advantageous to have
widely separated and near-simultaneous measurements
to ensure that the two events are outside of the light cone
of influence of each other. This allows closing the local-
ity loophole [8–10], where conspiring parties may mimic
results that are attributed to entanglement.
Combining special relativity with quantum mechan-
ics leads to peculiar results, many of which arise from
the fact that simultaneity is relative according to the
observer’s frame. Suarez and Scarani noticed that, for
near-simultaneous measurements of an entangled pair,
it is possible to reverse the order of measurements by
moving to a suitable frame [11]. This inspired several
experiments [12–15] and recently it was shown that this
paradox can be resolved by taking into account the un-
certainty in the time of measurement [16]. These rel-
ativistic contexts have rekindled debate on the founda-
tions of quantum mechanics. It is a strange fact of mod-
ern physics that non-relativistic quantum mechanics —
which is not constructed with relativity in mind at all —
still gives consistent results with special relativity, such
as the impossibility of superluminal communication due
to the no-cloning theorem. Investigations of relativistic
effects beyond the no-signaling principle have been made
[17, 18], focusing on quantum causality and possible ap-
plications of event-order swapping to quantum circuits.
In this paper, we examine the entanglement swapping
protocol [19] in a relativistic setting, where it is com-
bined with a Bell violation measurement, to test for the
presence of entanglement. We consider two scenarios in
particular, which highlight two peculiar relativistic quan-
tum effects. In the first scenario, we contrast the in-
terpretations of an experiment of two observers, which
observe the Bell violation measurement and the entan-
glement swapping to take place in different orders (Fig.
1). In the moving frame (Rob), although entanglement
swapping has not yet occurred, he nevertheless observes
a Bell violation. This paradoxical effect occurs due to
the correlations, which determine the random measure-
ment outcomes of the verification to give a Bell viola-
tion. Since the entanglement encoded in the wavefunc-
tion is different for each observer, yet this is precisely
the same experiment, we are forced to conclude that the
quantum entanglement encoded by the wavefunction is
a relative quantity that depends upon the observer. In
the second scenario, we consider Rob to be moving in a
perpendicular direction, and he is in control of the Bell
violation test. In this case, when there is some decoher-
ence present, we find that there is an optimal time offset
for him to make the two measurements to obtain the
maximum Bell violation. In this case the results of the
Bell violation measurement point to correlations result-
ing from entanglement that are spread in both space and
time. Other works have investigated special relativistic
effects on entanglement swapping [20, 21] and on telepor-
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FIG. 1. Entanglement swapping showing the relativity of
the wavefunction. Two reference frames (a) the laboratory
(Larry) with coordinates (t, x, y, z); (b) an observer Rob with
coordinates (t′, x′, y′, z′), who is moving in the negative x-
direction are shown. Initially, four qubits are prepared, la-
beled by A,B,C,D, where pairs AC and BD are entangled
(indicated by the wiggly lines). A Bell measurement and a
verification measurement, consisting of two single-qubit mea-
surements, are then made. The order of the measurements
depends upon the observer’s frame. In order to verify the
Bell violation, the results of the Bell measurement must be
classically transmitted to the verification measurements (or
vice versa). Classical communication is denoted by thick solid
lines, the dashed lines are to guide the eye.
tation [22–25], but none have considered a setup where it
is possible to switch the time ordering of measurements.
In particular, Ref. [26] showed that photons could be
entangled temporally, meaning that photons could be
entangled despite not existing at the same time in the
laboratory reference frame. This is achieved by having
both verification measurements and the Bell measure-
ment time-like separated. This procedure is complemen-
tary to, but differs from, our procedure where there are
space-like separations between the Bell and verification
measurements.
Laboratory frame (Larry) We now analyze the entan-
glement swapping protocol described in Fig. 1(a) in de-
tail. This protocol can be viewed as the conventional
entanglement swapping scenario where the Bell measure-
ment is made, prior to the verification measurement. For
concreteness, we consider the situation where all the mea-
surements are stationary in the laboratory frame. Qubits
A and B are at the same x-coordinate, and are separated
from qubits C and D by a suitably large distance. Ini-
tially, the qubits are prepared in the state
|φ0〉 = |Ψ00〉AC |Ψ00〉BD (1)
where the four Bell states are defined as
|Ψij〉 = 1√
2
(|0〉 |i〉+ (−1)j |1〉 |1− i〉)
= (σx)i(σz)j |Ψ00〉 , (2)
for i, j ∈ {0, 1} and the Pauli operators act on the second
qubit. These Bell states are equivalent to the traditional
Bell states with |Ψ00〉 = |Φ+〉 , |Ψ01〉 = |Φ−〉 , |Ψ10〉 =
|Ψ+〉 , and |Ψ11〉 = |Ψ−〉. After the Bell measurement
is made the state collapses to one of the four outcomes
with probability pij = 1/4
|ψij〉 = |Ψij〉AB |Ψij〉CD . (3)
Soon afterwards (such that the events are space-like sep-
arated), the qubits are measured to observe a Bell vio-
lation. After the results of the measurement have been
classically transmitted, the Bell test is performed. The
four states are subjected to their respective Bell tests
and the result is averaged [27]. For instance, the CHSH
inequality [28, 29] for |Ψ00〉
S00 =
1∑
n=0
1∑
m=0
〈ψ00| (−1)(1−n)mAˆnBˆm |ψ00〉 , (4)
is evaluated where the operators for qubits A and B are
Aˆn = cos(npi/2)σzA + sin(npi/2)σxA
Bˆm = σ
x
B + (−1)mσzB√
2
(5)
for n,m ∈ {0, 1} respectively. For a general state |ψij〉,
the CHSH inequality can be written
Sij =
1∑
n=0
1∑
m=0
〈ψij | (−1)(1−n)m+jAˆnBˆm+i+j |ψij〉 (6)
(see Supplementary Material). Each state observes a pos-
itive maximal Bell violation and the average is also a
maximal Bell violation.
Rob’s frame with x-boosts Now consider the moving
frame of Rob, who is moving in the−x direction. Because
the two measurements are space-like separated, Rob ob-
serves that the verification measurement occurs before
the Bell measurement [Fig. 1(b)]. Starting from (1), the
verification measurement yields
〈φ0| AˆnBˆm |φ0〉 = 0 (7)
Substituting this into (23) of course gives S = 0, which
does not violate the Bell inequality, as expected for a
product state between A and B.
The state collapses in the basis of the verifying mea-
surements (5). For measurement settings n,m ∈ {0, 1}
and measurement outcomes lA, lB ∈ {0, 1}, the state af-
ter the measurement is
|lA〉(n)A |lB〉(m)B |lA〉(n)C |lB〉(m)D , (8)
which occur with probabilities
p
(nm)
lAlB
= |〈Ψ00|lA〉(n)A |lA〉(n)C |2|〈Ψ00|lB〉(m)B |lB〉(m)D |2 =
1
4
(9)
3Here the states are the eigenstates of (5)
Aˆn|l〉(n) = (−1)l|l〉(n)
Bˆm|l〉(m) = (−1)l|l〉(m). (10)
The Bell measurement then projects the CD qubits onto
the Bell states (2). If the Bell measurement returns |Ψij〉,
then the obtained state is
|lA〉(n)A |lB〉(m)B |Ψij〉CD (11)
which occurs with probability
p
(nm)
ijlAlB
= p
(nm)
lAlB
|〈Ψij |lA〉(n)C |lB〉(m)D |2
=
1
16
(
1 +
(−1)lA−lB+i(1−n)+jn+n(1−m)√
2
)
,
(12)
for the outcome (i, j, lA, lB). Now as before, we evaluate
the CHSH correlation (23) for each of the i, j outcomes.
Then the average value conditioned on the outcome (i, j)
is
〈AˆnBˆm〉
∣∣∣
ij
=
∑
lAlB
(−1)lA+lBp(nm)ijlAlB∑
lAlB
p
(nm)
ijlAlB
=
(−1)(1−n)m(−1)i(1−n)+nj√
2
. (13)
Now, putting the expectation value in the same form as
(23), we obtain
〈AˆnBˆm+i+j〉
∣∣∣
ij
=
(−1)(1−n)m+j√
2
. (14)
Substituting this into (23), this yields a Bell violation
Sij = 2
√
2 for all i, j. Averaging over all i, j of course
again gives a Bell violation, giving the same result as
Larry’s frame.
Relativity of entanglement We have seen that, ulti-
mately, the results of the Bell test agree in both frames.
At one level, this is not surprising since it is a relativis-
tic principle that observations of all physical events must
agree in all frames. Furthermore, the only role of the
boosted frame is to reverse the order of the measure-
ments. Since the two measurements commute (they are
on separate qubits, AB and CD), the fact that the same
outcomes are obtained is always guaranteed.
What is unusual is that the interpretation of the exper-
iment is completely different in the two frames. Between
the two measurements, the quantum state is different,
due to the differing order of the measurements. In Larry’s
frame, the intermediate state is (3), which is an entan-
gled state between qubits AB. On the other hand, the
intermediate state in Rob’s frame is (8), which has no
entanglement at all. The Bell violation is then recovered
only when the result of the Bell measurement has been
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FIG. 2. Entanglement swapping showing entanglement in
space-time. (a) The entanglement swapping protocol of
Fig. 1(a), according to Rob’s frame who is moving in the +y
direction relative to Larry’s frame. Assuming that the Bell
measurement for Larry is occurring simultaneously, this cor-
responds to a non-simultaneous Bell measurement with time
difference ∆t′. The time difference between the verification
measurements are adjustable and have a time difference of ∆t′
in Rob’s frame. (b) Bell violations for measurement times t′M
as marked in units of the depolarizing rate η, for qubit sepa-
rations such that ηγτ ′ = 1.
classically transmitted to the verification measurements.
The puzzling aspect of this is that the only difference is a
change of observer, and the experiment itself is identical.
It is explicit from (3) and (1) that the structure of the
entanglement immediately before making the Bell test
measurement are completely different. In Larry’s frame,
the wavefunction is maximally entangled between AB,
but in Rob’s frame there is no entanglement. In fact there
is no entanglement between AB at any point in Rob’s
frame since the state collapses to (8) after the verifica-
tion measurement. This observation forces us to conclude
that the existence of the entanglement of the wavefunc-
tion is not universally agreed upon by different observers
[30]. That is, much like the notion of relativity of space
and time itself, the entanglement of the wavefunction is
also a relative quantity that is observer-dependent. In
our case, the difference in the wavefunction occurs be-
tween the Bell measurement and the verification mea-
surements.
Bell correlations in space-time The same entangle-
ment swapping setup can illustrate another effect, by
considering boosts in other directions. Now consider that
Rob is moving in the +y direction, and he is in control
of the verification measurement such that there is a time
offset ∆t′ between them. The Bell measurement is per-
formed in the laboratory frame (Larry) as before, and the
two verification measurements occur at a time t′M±∆t′/2,
where t′M is the midpoint between the two times. Dashed
quantities refer to Rob’s frame and undashed for Larry’s
throughout. We also consider that some decoherence in
4the form of a depolarizing channel
ρAB → e−ηtρAB + I
4
(1− e−ηt) (15)
is present. This could be, for example, from storing the
qubits in an imperfect quantum memory.
Working in Larry’s frame, we may calculate the out-
come of the Bell violation test in the following way. The
state starts in (3) immediately after the Bell measure-
ment. The depolarizing channel acts for a time tM−∆t/2
until the first measurement on qubit A. After the mea-
surement of qubit A, the the depolarizing channel again
acts on the state for a time ∆t until the second measure-
ment on qubit B. The measurements and Bell test are
performed as before, and the average CHSH inequality
can be evaluated (see Supplementary Material) to give
S =
1
4
∑
ij
Sij = 2
√
2e−ηγt
′
M e−ηγ|∆t
′−τ ′|/2, (16)
where we have written the final result in terms of Rob’s
variables according to the transformation
tM = γt
′
M ,
∆t = γ (∆t′ − τ ′) , (17)
where γ = (1 − β2)−1/2, β = v/c, v is Rob’s velocity
relative to Larry’s frame, and L′ is the distance between
the qubits A and B. Here τ ′ = βL′/c is the time offset
in Rob’s frame between the measurements such that in
Larry’s frame they are simultaneous. The calculation
can be performed directly from the point of view of Rob,
but due to the principle that all observers should obtain
the same results, the same results are obtained in the
same way as before. Interestingly, we note that Rob can
actually use (16) in order to determine his own relative
velocity, independent of any other observations, simply
by maximizing his observed Bell violation.
The results are illustrated in Fig. 2(b). In Rob’s frame,
we see that ∆t′ is optimal for Rob’s verification mea-
surement when ∆t′ = τ ′. This equality occurs at the
particular time when the Bell verification measurement
is performed simultaneously in Larry’s frame. This re-
sult is natural from the point of view of Larry’s frame, as
any other ∆t′ would correspond to measuring the CHSH
correlations at different times. From the point of view of
Rob, due to a different notion of simultaneity, he must
deliberately offset his times in order to get the maximum
Bell violation. Rob must then conclude that due to the
optimal time offset for his measurements, that there are
Bell correlations across space and time. This is similar to
the concept of entanglement in time that has been con-
sidered in other works [31–33]. In these prior works, the
entanglement in time only involves one particle, entan-
gled across time-like distances. In our case the entangle-
ment is necessarily across two particles, in the same way
as conventional entanglement.
Conclusions In this paper we have presented two
quantum thought experiments, which highlight the pecu-
liar nature of entanglement when relativity is involved.
In the first scenario, we considered transformations such
that the order of the Bell measurement and the veri-
fications were reversed. Depending upon the observer,
the interpretations of the same experiment are radically
different. In one frame, entanglement swapping is com-
pleted deterministically and entanglement is accordingly
verified. In the other frame, random noise is manipu-
lated into a Bell violation with classical feed-forward and
no entanglement is present at any time. The different
interpretations mean that different observers disagree on
whether the wavefunction is entangled or not. This is an
example of quantum entanglement being a relative quan-
tity, much like other concepts such as simultaneity in spe-
cial relativity. The same basic setup can demonstrate the
phenomenon of entanglement across space-time, where
the maximum Bell violation occurs for measurements at
different times in a suitable reference frame.
It is now widely recognized that entanglement is a re-
source for performing useful quantum information tasks,
such as quantum computing, quantum teleportation, and
quantum cryptography. But what is a physical resource?
A key feature of a physical resource is a principle of
invariance such that it can be quantified in a basis-
independent (i.e. observer-independent) way. In this
paper, we have shown that quantum entanglement of a
two-particle state does appear to be observer-dependent.
How can something that disappears for one observer —
and then reappears for another observer — possibly be
a physical resource? Entanglement is a mathematical
statement about the separability of two quantum states.
A mathematical statement cannot be a physical resource,
any more than, say, the Pythagorean theorem. We pro-
pose that the physical resources are in fact the non-local
Bell violating correlations that entanglement seems to
encode in one frame, but not in another. It is these non-
local correlations — which are present in both frames
— that are the true physical resources. Entanglement is
simply one bookkeeping device to keep track of them —
we have shown in this paper there are other bookkeeping
devices that do not involve entanglement at all.
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SUPPLEMENTARY MATERIALS
Derivation of Eq. (6) We derive the generalized ex-
pression for the CHSH correlations given by (6) in the
main text. The well-known expression for the state
|Ψ00〉 = (|0〉|0〉+ |1〉|1〉)/
√
2 reads
S00 =
1∑
n=0
1∑
m=0
〈ψ00| (−1)(1−n)mAˆnBˆm |ψ00〉 . (18)
To obtain the CHSH correlations for the other Bell states,
we introduce the operator
Uij = (σ
x
B)
i(σzB)
j (19)
which satisfies
U †ijUij = I. (20)
Introducing factors of unity before and after the opera-
tors, the corresponding correlation reads
Sij =
1∑
n=0
1∑
m=0
(−1)(1−n)m 〈ψ00|U †ijUijAˆnBˆmU †ijUij |ψ00〉
=
1∑
n=0
1∑
m=0
(−1)(1−n)m 〈ψij |UijAˆnBˆmU †ij |ψij〉 . (21)
The transformation only acts on the Bˆm operator and
can be evaluated as
U †ijBˆmUij = (−1)j
[
σxB + (−1)m+i+jσzB√
2
]
= (−1)jBˆm+i+j . (22)
Substituting this into (21) we obtain
Sij =
1∑
n=0
1∑
m=0
〈ψij | (−1)(1−n)m+jAˆnBˆm+i+j |ψij〉 , (23)
which is Eq. (6).
Derivation of Eq. (17) We consider that initially the
state is prepared in the state given (1). At t = 0, the
Bell measurement in Larry’s frame collapses the state to
ρ0 = |ψij〉〈ψij | (24)
The depolarizing channel subsequently acts on this state
until Rob performs the verification measurement. The
time evolution of the state before the first verification
measurement is given by
ρAB(t) = e
−ηtρ0 + (1− e−ηt)I
4
, (25)
Let us first assume that ∆t > 0. At the time tM−∆t/2 in
Larry’s frame, Rob performs a measurement on the state
ρAB(t) for the qubit at A. We note that since Aˆn and
Bˆm act on different Hilbert spaces, Aˆn and Bˆm commute.
As such, the order of CHSH verification measurement is
irrelevant. The state immediately after the first verifica-
tion measurement becomes
σ
(n)
AB(tM −∆t/2) =
∑
lA
Π
(n)
A (lA)ρAB(tM −∆t/2)Π(n)A (lA),
(26)
where
Π
(n)
A (lA) = |lA〉(n)〈lA|(n) ⊗ IB ⊗ IC ⊗ ID (27)
is the measurement operator on qubit A. This state again
evolves in time due to the depolarizing channel as
σ
′(n)
AB (t˜) = e
−ηt˜σ
(n)
AB(tM −∆t/2) + (1− e−ηt˜)
I
4
,
=
∑
lA
Π
(n)
A (lA)
[
e−ηt˜ρAB(tM −∆t/2)
+ (1− e−ηt˜)I
4
]
Π
(n)
A (lA) (28)
where t˜ is the time after the measurement on qubit A.
This then further evolves until Rob performs a measure-
ment on qubit B. Similarly, at time t˜ = ∆t, Rob makes
a measurement with operator
Π
(m)
B (lB) = IA ⊗ |lB〉(m)〈lB |(m) ⊗ IC ⊗ ID (29)
on the particles at B, the state σ
′(n)
AB (t˜ = ∆t) transforms
as
σ
′′(n,m)
AB (∆t) =
∑
lB
Π
(m)
B (lB)σ
′(n)
AB (∆t)Π
(m)
B (lB)
=
∑
lAlB
Π
(n)
A (lA)Π
(m)
B (lB)ρAB(tM +∆t/2)
×Π(m)B (lB)Π(n)A (lA). (30)
The second form of the equation shows that the state
is equivalent to simply evolving the state to a time
tM +∆t/2 under the depolarizing channel, and then per-
forming a measurement. If the order of the measurements
were reversed (i.e. ∆t < 0) we would follow the same pro-
cedure and find that the final state is the measurement
at the later time tM − ∆t/2. Hence in general the pro-
cedure is equivalent to taking the expectation value with
respect to the state ρAB(tM + |∆t|/2).
The above reasoning can be used to evaluate the ex-
pectation value as in (6). For a given i, j outcome we
6have
Sij = (−1)j
∑
n,m=0
Tr
(
AˆnBˆm+i+jρAB(tM + |∆t|/2)
)
=
e−η(tM−|∆t|/2)e−η|∆t|√
2
1∑
n,m=0
(−1)2[(m+i)(1−n)+j],
= 4
e−η(tM−|∆t|/2)e−η|∆t|√
2
. (31)
Taking an average over all outcomes, we obtain
S =
1
4
∑
i,j
Si,j = 2
√
2e−η(tM+|∆t|/2). (32)
To relate time t in Larry’s frame to the time t′ in Rob’s
frame, we use the standard relativistic transformation
t = γ(t′ − β x′c ), (33)
where β = vc , v is Rob’s velocity relative to Larry’s frame,
c is the speed of light, and γ = (1 − β2)−1/2. The time
difference ∆t between the measurement of A and B in
Larry’s frame transforms as
∆t = γ (∆t′ − τ ′) , (34)
where
τ ′ =
βL′
c
. (35)
Suppose that the average time tM of measurement in
Larry’s frame is tM = (tA+ tB)/2 where ti, (i = A,B) is
the time to make the measurement on particles at A and
B. Then, tM would transform as
tM = γ
(
t′A + t
′
B
2
− β 2x
′
A + L
′
2c
)
. (36)
We then have
t′M =
t′A + t
′
B
2
− β 2x
′
A + L
′
2c
, (37)
so that
tM = γt
′
M . (38)
Substituting (34) and (38) into (32) gives Eq. (17).
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